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Three-Dimensional Structure of a Supersonic Jet
Impinging on an Inclined Plate

Kyoung-Ho Kim* and Keun-Shik Chang*
Korea Advanced Institute of Science and Technology, Taejon 305-701, Republic of Korea

The flow structure of an underexpanded supersonic jet impinging on an inclined flat plate has been numerically
investigated using a total-variation-diminishing scheme for the Euler equations. The impinging jet is characterized
by many discontinuities, such as barrel shock, exhaust gas jet boundary, Mach disk, reflected shock, plate shock,
subtail shock, contact surface, and sometimes a stagnation bubble. Furthermore, if the plate is inclined, the jet
structure becomes three-dimensional and severely distorted. The effect of plate inclination has been investigated in
the present paper by studying the formation of the asymmetric stagnation bubble and the magnitude and location
of the maximum wall pressure. Comparison with the existing experimental results over a broad range of data sets
on pressure and shock structure has led to the conclusion that the present inviscid numerical model can offer fairly
good prediction of the impinging jet for moderate plate inclinations. The maximum wall pressure was found to be
larger on the inclined plate than on the normal plate.

Nomenclature
Ak = Jacobian matrix, k = £, 77, f
Dn = nozzle-exit diameter
e = total internal energy per unit volume
F, G, H = flux vectors in general curviliner coordinates
J = metric Jacobian
Lk = operator, k = £, 77, ?
M = matrix of transformation between conservative and

primitive variables
P, p = pressure
Q = conservative state vector
t = time
Tk = transformation matrix, k = £, ??, ?
u,v,w = velocity components in Cartesian coordinates
Xnp = nozzle-to-plate spacing
x,y,z = Cartesian coordinates
A = difference
y = specific heat ratio
A* = Ar/Afc, * = £ , ?? ,£
Ajt = diagonal matrix, k = £, 77, -f
p = density
6 = plate inclination angle
T = time
f, r\, f = general coordinates

Subscripts
amb = ambient condition
jet = jet condition
n = nozzle

Superscripts
N = numerical flux
n = original flux
± = split condition

Introduction

A SUPERSONIC jet impinging on a surface has broad
application. Liftoff of V/STOL aircraft, missile launching sys-

tems, the muzzle brake of a gun, thrust vectoring of flight vehicles,
multistage rocket separation, and deep-space docking are a few ex-
amples. An impinging jet has complicated flow elements consisting
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of barrel shock, exhaust gas jet boundary, Mach disk, contact sur-
face, reflected shock, plate shock, subtail shock, and sometimes a
stagnation bubble. The jet will be axisymmetric in free expansion or
in normal impingement, but will become three-dimensional when
the jet impinges on an inclined surface.

In the past, many experimental1"4 and numerical5"8 investiga-
tions have been performed to study the impinging process of a su-
personic jet. Previous work in this area has mainly concentrated
on perpendicular plates, which arise in a wide variety of the situ-
ations mentioned above. One of the phenomena to attract interest
was the occurrence of a stagnation bubble attached to the plate,
which is known to play a vital role in the shock-wave instability of
an impinging jet.8 The mechanism and criterion for formation of a
stagnation bubble was studied in Ref. 1. Studies of jet flow parame-
ters included the effect of jet exit pressure in Refs. 2 and 3; the effect
of nozzle-to-plate spacing in Refs. 1,2,3,5, and 6; the impingement
of a high-enthalpy jet in Ref. 7; and the shock-wave instability asso-
ciated with the fluctuating stagnation bubble in Ref. 8. However, the
structure of a three-dimensional jet and its deformation with respect
to the plate inclination angle has not been theoretically explored
so far, although Ref. 3 conducted experimental studies, providing a
series of shadowgraphs and measurements. In this paper, the under-
expanded supersonic jet impinging on an inclined flat plate has been
numerically investigated using a total-variation-diminishing (TVD)
scheme for the Euler equations. The extreme directional bias of the
flowfield would not allow any central difference scheme with artifi-
cial viscosity to be utilized; in addition these schemes also cause dif-
ficulty in implementing the boundary conditions. The TVD scheme
employed here uses the modified flux approach9 and symmetric di-
mensional splitting for the flux derivatives. This TVD scheme is
completely defined in the sense that the user does not have to spec-
ify any numerical parameter or dissipation coefficient to achieve
stability, contrary to the conventional central difference schemes.

Euler Equations and Numerical Algorithm
The conservation-form three-dimensional Euler equations of gas-

dynamics in the general curvilinear coordinate system (r, ?, 77, ?)
are employed,

(1)

(2)

The flux vectors are defined by

Q = Q/J

G = (??,G + ifcF + riyG + VZH)/J
H = (?, Q + &F + f,G +
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Here, a bar on a quantity implies that it is either a state vector or a
flux vector in the Cartesian coordinate system (t, x, y, z), and / is
the metric Jacobian

(3)

(4)

For an ideal gas we add the equation of state

p = (y - l)(e - p(u2 + v2 + w2)/2]

Similarity transformation is made on the Jacobian matrices
Ak (k = £, 77, £) using the transformation matrix 7*, defined by

T-lM~lAkMTk = Ak, fc = £ ,?? ,£ (5)

where M = 3Q/3QP is the matrix of transformation between
the conservative variables Q and the primitive variables Qp =
[p, w, u, tu, p]r. The diagonal matrix is given by

Ak = diag (6)

where akm (k = £, 77, ? and m = 1, 2, . . . , 5) are the eigenvalues of
the Jacobian matrix Ak .

Extending the explicit characteristic flux-difference splitting
method used in two dimensions,10 we obtain

= 0 (7)

where the normalized Jacobian coefficient matrices can be defined
as before:

Af = MTkAfTk-lM-\ k = f, 77, f

with

where

~±

(8)

(9)

= £, r;, ?, m = 1,2, . . . ,5 (10)

To solve Eq. (7), explicit time-differencing is employed with sym-
metric locally one-dimensional operator splitting as

Qf+2
k = L^LrjL^L^LrjL^A^Qlj^ (11)

For the operator L^ in the £ direction, for example, we use the
definition

T S^K /"»# 1 I 17^ E1^ i _ /^* /1O\
LgQijk = 6i,7,fc ~"^\ • i . ~ • 1 / ~ ^i,M ^ '

where A^ = Ar/Af and the numerical flux F^ is given by

with

(13)

=A

(14)

Numerical stability limits the size of time step to

AT = CFLN mintAfc/maxfeJ; k = £ , 77, f , m = 1, 2, . . . , 5]
(15)

where CFLN is the Courant-Friedrichs-Lewy number.
To retain the second-order accuracy for the convection terms and

to make the total variation stable, a modified flux vector is used in
place of the original flux, following Ref. 9. Further detail may be
found in Refs. 7 and 8.

Boundary Conditions
For the flat plate the predicted solution that is obtained with one-

sided sweeping, Q*, is supplied to the Riemann invariants corre-
sponding to the local characteristics and to the surface tangency
condition. More detailed description of the boundary conditions
may be found in Refs. 7, 8,10, and 11.

A similar procedure is applicable to the other boundaries: the
vertical symmetry plane that halves the computational domain, and
the far boundary.

Results and Discussion
The impinging jet under investigation is assumed to have follow-

ing parameter values: Mjet = 2.2, PR (= Pjet/^amb) = 1.2, Xnp =
3Dn, and varied plate inclination angles 0 = 45 to 90 deg. Here
Mjet is the flow Mach number at the nozzle exit, and Xnp is the
nozzle-to-plate spacing measured along the geometric jet axis. The
reference pressure and temperature are, respectively, Pamb = 1 atm
and Pamb = 1.225 kg/m3. Figure 1 depicts the physical domain of
the impinging jet flow. Cartesian coordinates were used, with the
number of grid points 46 x 56 x 31.

Initial jet flow data required at the nozzle exit were provided by
solving a priori a nozzle problem: a converging-diverging nozzle
having a conical diverging section of 15-deg semiangle. The Sauer
method12 was adopted for the initial conditions, and the method of
characteristics for the flowfield computation.

The complex flow structures of an underexpanded supersonic
jet impinging on a plate, such as the properties discussed in the
Introduction, all significantly depend on such flow parameters as jet
exit pressure, reservoir temperature, nozzle-to-plate spacing, and
plate inclination angle. The characteristic features of jet structure
related to the nozzle-to-plate spacing, the reservoir temperature, and
shock-wave instability have been investigated in sufficient detail in
companion papers by the present authors.6"8 When the jet flow im-
pinges on an inclined plate, the flowfield becomes severely distorted
from the pattern exhibited by the jet impinging on a normal plate.
The position and magnitude of the maximum wall pressure and near-
wall temperature change as the plate and plate shock are inclined.
The stagnation bubble, if it exists, may collapse, depending upon
the plate inclination angle.

Axisymmetric Jet Impingement, 0 — 90 deg
Figure 2 shows the schemetic sketch of the impinging jet flow,

illustrating all the complicated flow elements mentioned earlier ex-
cept the stagnation bubble. Figure 3 presents the computed density
contours for 9 = 90 deg. The structure of a jet impinging on a plate
clearly includes the barrel shock, (exhaust gas) jet boundary, Mach
disk, reflected shock, plate shock, subtail shock, and contact sur-
face. The wall pressure distribution along the line of symmetry on
the plate is presented in Fig. 4, where comparison is made between

90° -6

PLATE

Fig. 1 Flowfield geometry.
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Fig. 2 Schematic sketch of the impinging jet: CS, contact surface; MD,
Mach disk; RS, reflected shock.

Table 1 Maximum pressure on the plate as a function
of the plate inclination

Plate inclination
angle, deg

x, atm

Expt.3 Calc. Rel. error, f

90
85
80
70
60
45

6.99
8.60
9.88
8.47
8.34
8.85

6.79
7.81
8.97
7.65
7.48
6.40

2.9
9.2
9.1
9.7

10.3
27.7

Fig. 3 Density contours in the x-y plane at z = 0 for 9 = 90 deg;
Pmin/Poo = 0.30, Pmax/Poo = 7.64, Ap/Poo = 0.1.

8 -
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Fig. 5 Density contours in the x-y plane at z = 0 for 0 = 85 deg;
Pmin/Poo = 0.28, Pmax/Poo = 7.45, Ap/p^ = 0.1.

Fig. 4 Comparison of wall pressure along the line of symmetry for
0 = 90 deg.

the experiment3 and the present computation. In the experiment the
maximum pressure, 6.99 atm, occurs at the position y = 0.40 Dn,
which represents the ring-shaped stagnation line at the boundary
of the stagnation bubble, whereas its computational counterpart has
maximum pressure 6.79 atm at y = 0.33Dn (see also Table 1). The
relative error for the maximum wall pressure is 2.9% in this case,
and its predicted position is in fair agreement with the experiment.3
The computed recompression shock occurs approximately between
y = l.5Dn and 1.6Dn, which is again in good agreement with the
experiment.

0 = 85-deg Impingement
Figure 5 shows the density contours in the plane of symmetry,

the x-y plane at z = 0 (see Fig. 1), which indicate the plate shock is
slanted. The flow field in the x-z plane at y = 0 is shown in Fig. 6,
where similarity with the axisymmetric case, 0 — 90 deg, is evident.
The isobars on the inclined flat plate are given in Fig. 7. Some flow
peculiarites are indicated: first, the major flow expansion occurs just
outside of the boundary of the central region containing the stag-
nation bubble, where the isobars are densely clustered, and second,
we can estimate the size of the recompression shock wave, with an
approximately circular ring shape, which separates the expanding
supersonic jet flow from the outside subsonic flow. The shapes and
strengths of the high-pressure central region and the recompression

Fig. 6 Density contours hi the x-z plane at y = 0 for 0 = 85 deg;
Pmin/Poo = 0.32, pmax/poo = 6.79, Ap/p^ = 0.1.

shock wave will be the important data sought for designing a missile
launcher system.

Figure 8 presents for 0 = 85 deg the wall pressure distribu-
tion along the line of symmetry on the plate. The computed peak
pressures and their positions are in close agreement with those
from the experiment.3 The pressure distribution reveals existence
of a stagnation bubble (see also Figs. 9-1 1), contrary to the case
0 = 90 deg, which is characterized by a small portion of hori-
zontal curve or trough between the local peak pressures near the
central axis. The computed maximum wall pressure increased from
6.79 atm at the angle 0 = 90 deg to 7.81 atm at 0 = 85 deg,
whereas the maximum wall pressure in the experiment3 showed an
increase from 6.99 atm at 9 = 90 deg to 8.60 atm at 0 = 85 deg.
The increase of maximum wall pressure due to the plate inclina-
tion is closely related to the three-dimensional shape of the slanted
plate shock (see also Fig. 5), which manifests reduced total pres-
sure loss across the shock-wave surface. The relative error for the
maximum wall pressure along the line of symmetry between the
computation and the experiment3 is about 9% at 0 = 85 deg, and
the position of peak pressure is also in close agreement with the
experiment.



KIM AND CHANG: THREE-DIMENSIONAL STRUCTURE OF A JET 781

-1 0 1

Fig. 7 Isobars on the flat plate for 0 — 85 deg; Pmin/P<x> = 0.13,
J'max/Poo = 7.81, AP/Poo = 0.1.
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Fig. 8 Comparison of wall pressure along the line of symmetry for
0 = 85 deg.

0 1

Fig. 9 Velocity vector plots in the x-y plane at z — 0 for 9 = 85 deg.

Figures 9-11 show the velocity vector plots where a recirculating
flow region or stagnation bubble is observed in the form of a small
hemispherical region attached to the plate. The pattern of surface
flow on the plate is shown in Fig. 11 by the velocity vectors. It is ob-
served that a dividing ring, designated by a solid line (the stagnation
line as well as the boundary of stagnation bubble), separates the radi-
ally expanding flow from the stagnation bubble directed radially in-
ward on the flat plate. This flow pattern was explained in Ref. 4. The
stagnation bubble contains relatively slowly moving fluid and forms
a high-pressure region having the local peak pressure at its boundary.

0 = 80 deg Impingement
Figure 12 represents the density contours in the x-y plane at

z = 0, which shows that the plate shock is more slanted. The flow-
field in the x-z plane at y = 0 is shown in Fig. 13, which has flow

-i «—

o i
Fig. 10 Velocity vector plots in the x-z plane at y = 0 for 0 = 85 deg.

z/Dn-i o i
Fig. 11 Velocity vector plots on the flat plate for 9 = 85 deg.

i i—

Fig. 12 Density contours in the x-y plane at z = 0 for 0
Pmin/Poo = 0.28, Pmax/poo = 8.48, Ap/Poo = 0.1.

patterns about the same as for 0 = 90 deg (axisymmetric jet) and
0 = 85 deg, meaning that the flowfield in the x-z plane is nearly
independent of the plate inclination. The isobars on the slanted flat
plate are given in Fig. 14.

The wall pressure distribution along the line of symmetry on
the plate is presented in Fig. 15. The computed maximum pressure
increased from 7.81 atm at 0 — 85 deg to 8.97 atm at 9 — 80
deg, whereas their experimental values3 changed from 8.60 atm at
0 — 85 deg to 9.88 atm at 9 = 80 deg, corresponding to about
9% relative error. The single-peaked central hump in the central
region of the pressure curve of Fig. 15 also indicates that the bubble
has now collapsed. This fact can be also confirmed by plotting the
velocity vectors (not presented here). This result is consistent with
the earlier experiment,3 which reported that the stagnation bubble
exists only for 0 > 85 deg. Calculations have been obtained for
the cases 9 = 70,60, and 45 deg; these results are not presented
here for reasons of space. It is noted, however, that the results were
similar to the case for 0 = 80 deg.
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Fig. 13 Density contours in the x-z plane at y = 0 for 9
Pmin/Poo = 0.32, Pmax/Poo = 8.04, Ap/Poo = 0.1.

Fig. 14 Isobars on the flat plate for 0 = 80 deg; Pmm/Poo = 0.11,
Pmax/Poo = 8.97, Ap/Poo = 0.1.

Fig. 15 Comparison of wall pressure along the line of symmetry for
0 = 80 deg.

Table 1 summarizes the maximum wall pressures for both the
experiment3 and the present computation, and their relative errors.
The change in the maximum wall pressure with plate inclination
angle from the computation is clearly consistent with that of the

experiment.3 The maximum wall pressure increases very sharply
at first when the plate is inclined from 0 = 90 deg to 80 deg, be-
cause the total pressure loss is decreased by the slanted plate shock
surface. As the plate is further inclined beyond 0 = 80 deg, how-
ever, the maximum pressure slightly decreases. This may be due
to restructuring of the lower part of the plate shock, exemplified
by the occurrence of an inner triple point as shown by Lament and
Hunt.3 It is noted that the relative error remains within 10% ex-
cept for the case of an extreme inclination angle, 0 = 45 deg. This
implies that the present numerical method is a reasonable engineer-
ing tool for analysis of the supersonic jet impinging on an inclined
plate.

Conclusion
The flowfield generated by a supersonic jet impinging on an in-

clined plate has been numerically simulated by using a TVD scheme
for the inviscid compressible Euler equations. The computed three-
dimensional jet flow produced results comparable to the experimen-
tal result of Lament and Hunt3 for moderate plate inclinations. The
stagnation bubble may or may not exist, depending on the plate
inclination angle; the bubble existing at 0 = 85 deg disappeared
when the plate was inclined further to 0 = 80 deg and beyond. The
maximum wall pressure on the inclined plates exceeds that on a per-
pendicular plate. The jet structure, however, stays nearly constant
in the x-z plane, independent of the plate inclinations. The flow
information obtained in this paper, such as density contours, iso-
bars, velocity vectors, and wall pressure distribution along the line
of symmetry on the plate, has been very effective in determining the
structure of impinging jets.
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